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ABSTRACT

We presenta simplebut generalmodelfor feature-baseth-

formationprocessingvith selectve attention.We modelfea-
tureextractionasprojectionsontoframesof subspacesyhich

accountdor redundanciei therepresentationsf individual

featuresaswell asbetweenfeatures.To managdimited re-

sourceswe usefeedbackattentionalsignalsto dynamically
allocatesystemresourcesaccordingto the obsened events.
In our model, attentionmaximizesthe averageinformation
retainedaboutall eventsweightedby their relative priorities.
We illustrate the model with a simple systemundera total

bit constraintanddiscusshow the organizatiorof thefeature
extractionaffectsthe optimalbit allocation.

1. INTRODUCTION

Many of today's importantinformation processingapplica-
tions (sensornetworks, for example) require intensve dis-
tributedprocessingf sensomata,but arehighly constrained
by the availableresourcesuchasenegy andbandwidth.An
analogougroblemis facedby biological sensorineurasys-
tems,which uselimited resourceso processextremelycom-
plicatedsensorynformation. Yetdespitethe constraintssen-
sorineurabystemgerformamazinglywell evenonverycom-
plicatedtasks.Understandinghe bene tsof neuralorganiza-
tional principleswill enableus to build more ef cient dis-
tributedinformationprocessingystems.

Sensorysystemshave the commoncharacteristiof rst
“ripping apart” a complex received signal into very basic
componentfeatuies eachrepresentingspeci ¢ information
aboutthe signal. Thesefeaturesare selectvely combinedto
form morespeci c comple featuresn successie stages.In
contrastto matched Iters, which narravly characterizehe
signalaccordingto a singletemplate feature-baseg@rocess-
ingis e xible enoughto describenew eventsasthey arise.To
accomplishthis complicatedsignal decompositiorand fea-
ture combiningwith limited resourcesneuralsystemsfocus
their processingn “important” eventsoccurringin the sen-
sory scene[l]. Throughthe processof selectiveattention,
higherlevel systemausefeedbacko controllower-level sys-
temsaccordingto what seemsmostrelevant and consistent
with a priori modelsof perceptuafeatures.
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In orderto assesghe adwvantagesof feature-basegbro-
cessingand selectve attention,we must have a mathemati-
cal descriptionof this informationprocessingtratey. While
much analysisremainsto be done, we presentherean ini-
tial descriptionof a simple but very generalmodelfor fea-
ture extractionin a sensorysystembasedon frame theory
In our model, attentionis usedto maximizethe information
presered aboutimportanteventsdynamicallyasnew events
ariseandold onesdisappear To demonstratéhe usefulness
of this model,we analyzea simple bit-allocationschemen
whichfeaturesareencodedtdifferentratesaccordingo their
relative importance.

2. FEATURE-BASED PROCESSING

Sensoryprocessingn biological systemsoccursin stages;
front-endsform completerepresentationsf signalsin their
operatingrange,and mary parallelsecondaryareaseachre-
spondto a more stimulus-speci cfeature,suchas color or
motion. In everyarea,nformationis representecedundantly
Featureextractionsystemsnustthereforeresole two distinct
typesof redundang: (1) theredundang within therepresen-
tation of an individual feature,and (2) the redundang be-
tweendifferentfeatures.We modelthis processingrchitec-
turewith the mathematicalools of frametheory

The sensingprocesss simply modeledasa collectionof
spatialand/ortemporal Iters correspondingo eachsensor
which is equivalentto projectinga stimulussignals ontoa
setof vectorsin a high-dimensionaspace.Expandinga sig-
nals 2 H in a setof orthogonalbasisvecsgrsfor H isa
commonoperationin signalprocessings = i ki j,with
the coefcients k; = hs; ;i constitutingthe projectionsof
the signalonto the associatedbasisvectors. However, most
biologicalandman-madesensingsystemausea collectionof
sensorghatarenot orthogonal. Therefore the sensingoper
ationis betterdescribedasa projectionof signalsontoa re-
dundantcollectionof vectors(an overcompletebasis)known
asaframe[2]. A collectionof vectorsf ;g is aframefor a
Hilbert spaceH if thereexist constant9 < A B < 1,
known asframebounds,sothatfor ary functions 2 H the
Parseval relationis bounded,

A ksk? i jii? B ksk®: 1)

When the frame vectors are normalized, A measureshe



frame'sminimumredundang in coveringthespaceH .

In contrastto the sensingprocessfeature extraction oc-
curswhensomeinformationis eliminatedfrom the stimulus
signalto isolatea morespeci ¢ aspecbf the signal. Speci -
cally, featureextractionamountso the projectionof the sig-
nal onto a subspacef the signal space. Becausedifferent
featuresrepresentsome of the sameaspectsof the signal,
featuresubspacesnay overlapin the signal space. Feature
extraction stagesare progressiely more comple< and more
speci ¢, meaningthat higherlevel featuresrepresenbnly a
low-dimensionalsubspaceof the original high-dimensional
signalspace Mathematicallya featureis encodedy projec-
tionsontoa (possiblyredundantyetof vectorsthatspanonly
asubspacef theinputspaceH .

The possibility of overlap betweenfeature subspaces
meanghatthetotal collectionof featuresonsideredogether
may form a redundantrepresentatiorfor the whole signal
space.The new theory“framesof subspacestanbe usedto
characterizeheseredundanteaturesubspacef3, 4]. Here,a
singlefeaturespaceis representetby a collectionof vectors
containedn therows of the matrix F,. Thesevectorsform a
local framefor afeaturesubspac&V, H, with localframe
bounds(A; B|). Thefeatureextractionoperationis the pro-
jectionontoW,, givenby f| = P;s. Theframecoefcients
representin@ featurearecorruptedby noisec, = Fif| + ny,
which will modelthe limited delity imposedby resource
constraints. The collection of (possibly overlapping)sub-
spaced W, g is called a frame of subspacegor H if there
existconstant® < C D < 1 suchthatforanys2 H
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This Parseval's relationformalizesfeaturespaceoverlap.

3. SELECTIVE ATTENTION

As the numberof featurespacesn a systembecomedarger,
computingandtransmittingall of the necessargoefcients
overwhelmssystemresources. Sensorineurasystemscope
with this throughthe processof selectiveattention wherein
network resourcesredynamicallyallocatedo featurespaces
accordingo whateventsarepresenin thescene Thisalloca-
tion is mediatedoy top-dowvn attentionsignals;feedbacksig-
nalspassfrom high-level processe$o the systemsroviding
their inputs. In this way, attentionfocusedimited resources
onwhatis important.

“Importance”in this settinghastwo componentsthe pri-
ority of aneventrelative to othereventsin thesceneandthe
relevanceof eachfeaturespaceto that event. Event priori-
ties characterizénow importanteacheventis to the systems
goals; for example,an event correspondingo the presence
of anintruderwould receve a high priority, whereasevents
correspondindo slowly changingambientconditionswould
receve very low priority. Therelevanceof a featurespaceo
aneventcorrespond$o how muchinformationthatsubspace
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Fig. 1. Low level processingstructuresextract featuresfrom the
signalby projectingonto overlappingsubspacewith projectionop-
eratorP,. Theoutputsarerepresentethy a redundanframeexpan-
sionfor thatsubspaceontainedn thematrix F; andthecoefcients
arerepresentedvith limited delity (representedly additive noise).
Higherlevel systemdeterminethe eventspresentandtheir relative
priorities, and this feedbackallows the featureextractorsto adjust
their delity to maximizetheinformationabouttheimportantevents.

preseresaboutthe event,which dependn boththe coher
enceof the eventwith the featurespaceandthe redundang
of theunderlyingfeaturerepresentation.

In general,attentionsignalsshouldallocateresourceso
eachsubspaceén orderto optimize a performancecriterion
relatedto the systems task. However, thoughtaskssuchas
detectionandestimationarelik ely, we seekto optimally as-
sign resourcewithout explicitly specifyingthe nal goal of
thesystem.Thuswe requirea generaimethodto quantifythe
amountof informationrepresentedh the featurespaceout-
put. We turn to a theory of information processing5]. In
thistheory quanti able changesn a system$inputarecom-
paredto the correspondinghangesn its output. If theinput
signalis changedandthereis (statistically)no changen the
output, the systemhasnot presered ary information about
thatevent. However, if the outputalsochangedo re ect the
presencef the new event,thenthe outputcontainssomein-
formationaboutthatevent. Quantifyingthis changemeasures
how muchinformationaboutthat eventis presered by the
system.

This methodis bestillustratedby an example: For sim-
plicity, consideran input s generatedrom a Gaussiardis-
tribution centerecon aneventvectors N en; 21 , and
considerwhat happenswhen the input event is perturbed:
em ! en+ .Becausdhesignalsarestochasti@rocesses,
we measurechangeby calculatingthe distancebetweenthe
probability laws that govern the original signalandits per
turbation. Thereare several informationtheoreticdistances
thatmeasurehangesn probability distributions. We usethe
Kullback-Leibler(KL) distance[6] becauseof its relevance
both to detectionerror decayratesand mean-square@sti-
mation error [5]. For a Gaussiardistribution with mean
andcovariance , a changein mean resultsin a KL dis-
tanceof D( k + ) = ' 1 =2 Inthestimulussignal
spacetheKL distanceunderthe perturbationameanchange



isthereforeDs (emkem + ) = k k?=2 2.

Informationcanbe lostin a featurespacerepresentation
in two distinct ways: (1) the signal of interestis often not
completelycontainedn the featurespaceand(2) theredun-
dantrepresentatiof eachfeatureis imperfectdueto lim-
ited communicationresources.We want to determinehow
well the systemas a whole preseresthe information about
anevent. Consequentlywe needto calculatethe KL distance
betweere,, and(en, + ) for thetotal collectionof feature
spaceencodings.

As illustratedin Figurel, the stimulussignalis projected
onto eachfeaturesubspacd, = Pjs = V|V|ts, whereV, is
an orthonormalbasisspanningthe featurespaceWw, H.
The extractedfeatureis representedby projectingit onto a
collectionof vectors(on the rows of the matrix ) thatform
aframefor W, andaddingnoise,c; = Ff|+n; = F|P;s+ny,
wheren; N O; ,%I | . Thenoisetermn, heremodelsthe
resourceconstraintwith 2 inverselyrelatedto the amount
of resourcesllocatedto thel!" feature.We needto calculate
thejoint KL distanceundera meanchangefor the collection
of featureoutputst = [c};ch;:::; ¢ 1.

The KL distance across the joint collection of
feature spaces under the mean change is given by

D¢(emken + ) = iV 'K 1V, where
V= [Vi;Vo; V] K = Kg + K,y and
3
| ViV, ViV,
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In information processingtheory the important quan-
tity is the “information transfer ratio;} which is the ra-
tio of the outputto input distances: sc(em;em+ ) =
D¢ (emken + )
Ds(emken + )
whatfractionof theinputinformationis preseredin thecol-
lection of featurespaces.A fundamentakesultfrom infor-
mation theory statesthat the information transferratio will
alwaysbe betweernzeroandone. A value of onerepresents
perfectinformationtransferof thestimuluschangeavalueof
zerorepresentsotal informationloss. The goal of attention
will beto assignsystemresourceso featurespacego maxi-
mizetheinformationtransferabouteventsaccordingto their
priorities. Thistaskis complicatedby thefactthateventswith
differentpriorities may be representetb differentdegreesin
thesamesubspaces.

To illustratetheattentionamechanisnin afeatureextrac-
tion system,we will considera simple systemin which net-
work bandwidthis the scarceresource.Here,the combined
datarateof all featuresubspacess constrainedgachfeature

. Theinformationtransferratio measures
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Fig. 2. Informationtransfervs. bit allocationto one subspacdor
atwo-featuresystem.Shawvn arethe informationtransferratiosfor
two eventse; (dashed)ande, (dotted)with priorities 1 = 3=4
and , = 1=4. The solid cur is the priority-weightedsum .
With increasingoverlap betweenfeatures,allocating more bits to
W1 maximizes .

mustberepresentedndcommunicatedvith a only alimited
numberof bits. Therole of attention then,is to dynamically
allocatethe available bits amongthe different subspaceso
bestrepresentheinterestingevents.MathematicallygivenL
featuresubspaceandthesystentapacityof Brotal bits,we al-
locateB, bitsto eachfeaturesubspacsothat | B = Bigal.
We assumehat thereare M possibigevents,andthat each
event's priority is expresseddy m ( ,, m = 1). Forour
performancemetric we usethe weightedsumof information
transferratiosfor all eventsf ey, g that are determinedo be
present Theoptimgl bit allocationis theonethatmaximizes
theexpresg'on = . m sc(én;em + ) subjecttothe
constraint | By = By We assumethe resultingnoise
variancein eachfeaturespaceds givenby 3 = 2 28!, mod-
elingtheeffectof uniformscalamquantizationThisallocation
re ects the relative priorities of the events,the coherencef
eachfeaturespacewith eachevent, andthe robustnesgro-
vided by theframefor eachfeaturespace.

To seehow this bit allocationchangesas a function of
overlapbetweenfeaturespacesgconsiderthe following sim-
ple example. Assumethe input spaceis H = R and
we have two subspacedV; andW, of equaldimensionthat
form a frame of subspacefor the input space.For simplic-
ity, eachsubspaces representedavith an orthonormalbasis
(A1 = A, = 1). Therearetwo events,f e;; eog, eachhaving
unit norm, with priorities ; = 3=4and , = 1=4. Initially,
we considemon-overlappingsubspacethat eachspan5 di-
mension®of theinputspacesuchthate; 2 W; ande, 2 Ws.

1The presencef eacheventis determinedn this exampleby an omni-
scienthigherlevel processoproviding the attentionakignals but in awork-
ing systemthe salienteventswould be determinecdby a detectionalgorithm
thatwould occasionallymake mistales.



Figure 2 shavs the total information transferratio for each
event, sc(em;en + ) , aswell astheweightedsum asa
function of the bit allocationfor this system.The horizontal
axisis B1, the numberof bits allocatedto the spacew; out
of thetotal pool of Boia = 10 (meaninghatB, = 10 Bj).
The bit allocationfor the non-overlappingsubspacess plot-
tedin thetop left panel. Eventhoughthe informationtrans-
fersfor the two eventsare symmetric,e; hashigherpriority
andthemaximum is achiezedby allocatingmorebitsto W1
thanW,.

In theremainingplots, thefeaturesubspaceareenlaged

by successiely sharingbasisvectorsbetweerthe subspaces.

For example, in the bottom left plot, eachsubspacecov-
ers eight dimensionsof the input space,andthey sharesix
commondimensions. In this case,the optimal allocation
assignseven more bits to Wy, sinceit now containsboth
the high-priority evente; aswell asa signi cant partof e,.
In the extremecasewhenthe subspacesverlapcompletely
(W1 = W,), theoptimal bit allocationassignsall the bits to
oneor the othersubspacesinceno new informationis gained
by includingboth. In fact, it is perhapsstartlingto notethat
dividing the bits equally betweenboth subspacesesultsin
the worst performanceor this system. Qualitatively similar
resultswerealsoseenwith threefeaturesubspaces.

In a real system,resourceallocation must be dynamic;
attentionalsignalsneedto adaptasnew eventsariseandold
onedisappearFigure3illustratesthis for thetwo-featureex-
amplediscussedarlier Here,therearefour possibleevents
in the spacejndexedin orderof increasingpriority. Thebot-
tom plot indicatesthe presenceor absenceof eachevent at
agiventime. At eachtime step,the priority weightsaread-
justedto re ect only thoseeventsthatare present.Whenthe
featurespacehave only two dimensionsn common theop-
timal bit allocationchangestalmosteverytime step,re ect-
ing the new priorities asthe scenechanges.As the features
becomamoreredundanthowever, the bit allocationbecomes
morestatic; now, both subspacesorvey signi cant informa-
tion aboutall events,andthe optimal solutiontendsto assign
all thebitsto asinglefeaturesubspace.

4. CONCLUSIONS

Using frame theory and framesof subspacesve have pre-
senteda very simplebut generaimodel of featureextraction.
By drawing on thetheoryof informationprocessingwe cal-
culatedin a generalway the information presentaboutan
eventin a collection of featureoutputs. By maximizingthe
informationtransferof the featureextractorsweightedby the
priorities of the eventsin the scenewe determinedoptimal
allocationof resourceso the individual featurespacesEven
thesimpleexamplesexploredhereshow thatblind allocation
of resourcesanresultin inferior performance.Attentional
feedbaclallows the systemto redistributeits resourcesdap-
tively to maintainoptimalinformationtransfer

This paperdescribesaninitial foray into a generaltheo-
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Fig. 3. Dynamichit allocationin a two-subspaceystem. The top
two plots depictB 1, the bit allocationto W resultingfrom maxi-
mizing . At ary time eachof four eventsmay be present.For the
top plot, the two featuresubspacesharetwo commondimensions,
whereador themiddleplot they shareeightdimensionsin thehigh-
overlapcase bits aremoreoftenallocatedto a singlesubspaceThe
bottomplot indicatesthe eventspresentat eachtime step.

retical framework for attentionalprocessingn feature-based
systems.In the exampleswe presentedbit allocationswere
only madeon the basisof eventsthat were known to be
presentin amoreadwancedsimulationa systemwill needto
enforcelower boundson the information presentabouteach
eventsothe appearancef new eventsisn't missed.While a
total bit constrainwasusedhere the adaptationn eachsub-
spacecould re ect otherconstraintssuchascommunication
power. The total informationtransferexpressiondoessim-
plify somavhatandwe believe thatfurtheranalyticwork will
provide insightinto achieving optimalresourceallocation.
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