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ABSTRACT

We presenta simplebut generalmodelfor feature-basedin-
formationprocessingwith selective attention.We modelfea-
tureextractionasprojectionsontoframesof subspaces,which
accountsfor redundanciesin therepresentationsof individual
featuresaswell asbetweenfeatures.To managelimited re-
sources,we usefeedbackattentionalsignalsto dynamically
allocatesystemresourcesaccordingto the observed events.
In our model, attentionmaximizesthe averageinformation
retainedaboutall eventsweightedby their relative priorities.
We illustrate the model with a simple systemundera total
bit constraintanddiscusshow theorganizationof thefeature
extractionaffectstheoptimalbit allocation.

1. INTRODUCTION

Many of today's important information processingapplica-
tions (sensornetworks, for example) require intensive dis-
tributedprocessingof sensordata,but arehighly constrained
by theavailableresourcessuchasenergy andbandwidth.An
analogousproblemis facedby biological sensorineuralsys-
tems,which uselimited resourcesto processextremelycom-
plicatedsensoryinformation.Yetdespitetheconstraints,sen-
sorineuralsystemsperformamazinglywell evenonverycom-
plicatedtasks.Understandingthebene�tsof neuralorganiza-
tional principleswill enableus to build more ef�cient dis-
tributedinformationprocessingsystems.

Sensorysystemshave the commoncharacteristicof �rst
“ripping apart” a complex received signal into very basic
componentfeatures, eachrepresentingspeci�c information
aboutthesignal. Thesefeaturesareselectively combinedto
form morespeci�c complex featuresin successive stages.In
contrastto matched�lters, which narrowly characterizethe
signalaccordingto a singletemplate,feature-basedprocess-
ing is �e xible enoughto describenew eventsasthey arise.To
accomplishthis complicatedsignal decompositionand fea-
turecombiningwith limited resources,neuralsystemsfocus
their processingon “important” eventsoccurringin the sen-
sory scene[1]. Throughthe processof selectiveattention,
higher-level systemsusefeedbackto control lower-level sys-
temsaccordingto what seemsmost relevant andconsistent
with a priori modelsof perceptualfeatures.
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In order to assessthe advantagesof feature-basedpro-
cessingandselective attention,we must have a mathemati-
caldescriptionof this informationprocessingstrategy. While
much analysisremainsto be done,we presentherean ini-
tial descriptionof a simple but very generalmodel for fea-
ture extraction in a sensorysystembasedon frame theory.
In our model,attentionis usedto maximizethe information
preservedaboutimportanteventsdynamicallyasnew events
ariseandold onesdisappear. To demonstratetheusefulness
of this model,we analyzea simplebit-allocationschemein
whichfeaturesareencodedatdifferentratesaccordingto their
relative importance.

2. FEATURE-BASED PROCESSING

Sensoryprocessingin biological systemsoccursin stages;
front-endsform completerepresentationsof signalsin their
operatingrange,andmany parallelsecondaryareaseachre-
spondto a more stimulus-speci�cfeature,suchas color or
motion.In everyarea,informationis representedredundantly.
Featureextractionsystemsmustthereforeresolvetwo distinct
typesof redundancy: (1) theredundancy within therepresen-
tation of an individual feature,and (2) the redundancy be-
tweendifferentfeatures.We modelthis processingarchitec-
turewith themathematicaltoolsof frametheory.

Thesensingprocessis simply modeledasa collectionof
spatialand/ortemporal�lters correspondingto eachsensor,
which is equivalent to projectinga stimulussignals onto a
setof vectorsin a high-dimensionalspace.Expandinga sig-
nal s 2 H in a set of orthogonalbasisvectorsfor H is a
commonoperationin signalprocessing,s =

P
j kj � j , with

the coef�cients kj = hs; � j i constitutingthe projectionsof
the signalonto the associatedbasisvectors. However, most
biologicalandman-madesensingsystemsusea collectionof
sensorsthatarenot orthogonal.Therefore,thesensingoper-
ation is betterdescribedasa projectionof signalsontoa re-
dundantcollectionof vectors(anovercompletebasis)known
asa frame[2]. A collectionof vectorsf � j g is a framefor a
Hilbert spaceH if thereexist constants0 < A � B < 1 ,
known asframebounds,so that for any function s 2 H the
Parseval relationis bounded,

A ksk2 �
X

j
jhs; � j ij 2 � B ksk2 : (1)

When the frame vectors are normalized,A measuresthe



frame'sminimumredundancy in coveringthespaceH.
In contrastto the sensingprocess,feature extraction oc-

curswhensomeinformationis eliminatedfrom thestimulus
signalto isolatea morespeci�c aspectof thesignal.Speci�-
cally, featureextractionamountsto theprojectionof thesig-
nal onto a subspaceof the signal space. Becausedifferent
featuresrepresentsomeof the sameaspectsof the signal,
featuresubspacesmay overlap in the signalspace. Feature
extractionstagesareprogressively morecomplex andmore
speci�c, meaningthat higher-level featuresrepresentonly a
low-dimensionalsubspaceof the original high-dimensional
signalspace.Mathematically, a featureis encodedby projec-
tionsontoa (possiblyredundant)setof vectorsthatspanonly
asubspaceof theinputspaceH.

The possibility of overlap betweenfeature subspaces
meansthatthetotalcollectionof featuresconsideredtogether
may form a redundantrepresentationfor the whole signal
space.Thenew theory“framesof subspaces”canbeusedto
characterizetheseredundantfeaturesubspaces[3,4]. Here,a
singlefeaturespaceis representedby a collectionof vectors
containedin therows of thematrix Fl . Thesevectorsform a
local framefor a featuresubspaceWl � H , with local frame
bounds(A l ; B l ). Thefeatureextractionoperationis thepro-
jection onto Wl , givenby f l = Pl s. The framecoef�cients
representinga featurearecorruptedby noisecl = Fl f l + n l ,
which will model the limited �delity imposedby resource
constraints. The collection of (possibly overlapping)sub-
spacesf Wl g is called a frameof subspacesfor H if there
exist constants0 < C � D < 1 suchthatfor any s 2 H

C ksk2 �
X

l
kPl sk2 � D ksk2: (2)

ThisParseval's relationformalizesfeaturespaceoverlap.

3. SELECTIVE ATTENTION

As thenumberof featurespacesin a systembecomeslarger,
computingandtransmittingall of the necessarycoef�cients
overwhelmssystemresources.Sensorineuralsystemscope
with this throughthe processof selectiveattention, wherein
network resourcesaredynamicallyallocatedto featurespaces
accordingto whateventsarepresentin thescene.Thisalloca-
tion is mediatedby top-down attentionsignals;feedbacksig-
nalspassfrom high-level processesto thesystemsproviding
their inputs. In this way, attentionfocuseslimited resources
onwhatis important.

“Importance”in this settinghastwo components:thepri-
ority of aneventrelative to othereventsin thescene,andthe
relevanceof eachfeaturespaceto that event. Event priori-
tiescharacterizehow importanteachevent is to thesystem's
goals; for example,an event correspondingto the presence
of an intruderwould receive a high priority, whereasevents
correspondingto slowly changingambientconditionswould
receivevery low priority. Therelevanceof a featurespaceto
aneventcorrespondsto how muchinformationthatsubspace
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Fig. 1. Low level processingstructuresextract featuresfrom the
signalby projectingontooverlappingsubspaceswith projectionop-
eratorPl . Theoutputsarerepresentedby a redundantframeexpan-
sionfor thatsubspacecontainedin thematrixF l andthecoef�cients
arerepresentedwith limited �delity (representedby additive noise).
Higher-level systemsdeterminetheeventspresentandtheir relative
priorities, and this feedbackallows the featureextractorsto adjust
their�delity tomaximizetheinformationabouttheimportantevents.

preservesabouttheevent,which dependson both thecoher-
enceof the eventwith the featurespaceandthe redundancy
of theunderlyingfeaturerepresentation.

In general,attentionsignalsshouldallocateresourcesto
eachsubspacein order to optimize a performancecriterion
relatedto the system's task. However, thoughtaskssuchas
detectionandestimationarelikely, we seekto optimally as-
sign resourceswithout explicitly specifyingthe �nal goal of
thesystem.Thuswerequireageneralmethodto quantifythe
amountof informationrepresentedin the featurespaceout-
put. We turn to a theoryof informationprocessing[5]. In
this theory, quanti�ablechangesin a system's input arecom-
paredto thecorrespondingchangesin its output. If the input
signalis changedandthereis (statistically)no changein the
output, the systemhasnot preserved any informationabout
thatevent. However, if theoutputalsochangesto re�ect the
presenceof thenew event,thentheoutputcontainssomein-
formationaboutthatevent.Quantifyingthischangemeasures
how much informationaboutthat event is preserved by the
system.

This methodis bestillustratedby an example: For sim-
plicity, consideran input s generatedfrom a Gaussiandis-
tribution centeredon an eventvector, s � N

�
em ; � 2

s I
�
, and

considerwhat happenswhen the input event is perturbed:
em ! em + � . Becausethesignalsarestochasticprocesses,
we measurechangeby calculatingthe distancebetweenthe
probability laws that govern the original signal and its per-
turbation. Thereareseveral information theoreticdistances
thatmeasurechangesin probabilitydistributions.We usethe
Kullback-Leibler(KL) distance[6] becauseof its relevance
both to detectionerror decayratesand mean-squaredesti-
mation error [5]. For a Gaussiandistribution with mean�
andcovariance� , a changein mean� resultsin a KL dis-
tanceof D (� k� + �) = � t � � 1� =2. In thestimulussignal
space,theKL distanceundertheperturbationalmeanchange



is thereforeD s (em kem + �) = k� k2=2� 2
s .

Informationcanbe lost in a featurespacerepresentation
in two distinct ways: (1) the signal of interestis often not
completelycontainedin thefeaturespace,and(2) theredun-
dant representationof eachfeatureis imperfectdue to lim-
ited communicationresources.We want to determinehow
well the systemasa whole preservesthe informationabout
anevent.Consequently, weneedto calculatetheKL distance
betweenem and(em + �) for the total collectionof feature
spaceencodings.

As illustratedin Figure1, thestimulussignalis projected
onto eachfeaturesubspacef l = Pl s = Vl V t

l s, whereVl is
an orthonormalbasisspanningthe featurespaceWl � H .
The extractedfeatureis representedby projectingit onto a
collectionof vectors(on therows of thematrix F l ) that form
aframefor Wl andaddingnoise,cl = Fl f l + n l = Fl Pl s+ n l ,
wheren l � N

�
0; � 2

n l
I
�
. Thenoisetermn l heremodelsthe

resourceconstraint,with � 2
n l

inverselyrelatedto theamount
of resourcesallocatedto thel th feature.We needto calculate
thejoint KL distanceundera meanchangefor thecollection
of featureoutputs,c = [ct

1; ct
2; : : : ; ct

L ]t .
The KL distance across the joint collection of

feature spaces under the mean change is given by
D c (em kem + �) = 1

2

�
V �

� t
K � 1

�
V �

�
, where

V = [V1; V2; : : : ; VL t ]t , K = K s + K n and

K s = � 2
s �

2
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In information processingtheory, the important quan-
tity is the “information transfer ratio,” which is the ra-
tio of the output to input distances:
 s;c (em ; em + �) =
D c (em kem + �)
D s (em kem + �)

. The informationtransferratio measures

whatfractionof theinput informationis preservedin thecol-
lection of featurespaces.A fundamentalresult from infor-
mation theory statesthat the information transferratio will
alwaysbe betweenzeroandone. A valueof onerepresents
perfectinformationtransferof thestimuluschange;avalueof
zerorepresentstotal informationloss. The goal of attention
will be to assignsystemresourcesto featurespacesto maxi-
mizethe informationtransferabouteventsaccordingto their
priorities.Thistaskis complicatedby thefactthateventswith
differentprioritiesmayberepresentedto differentdegreesin
thesamesubspaces.

To illustratetheattentionalmechanismin afeatureextrac-
tion system,we will considera simplesystemin which net-
work bandwidthis the scarceresource.Here,the combined
datarateof all featuresubspacesis constrained;eachfeature

Fig. 2. Informationtransfervs. bit allocationto onesubspacefor
a two-featuresystem.Shown arethe informationtransferratiosfor
two eventse1 (dashed)and e2 (dotted)with priorities � 1 = 3=4
and � 2 = 1=4. The solid curve is the priority-weightedsum 
 .
With increasingoverlap betweenfeatures,allocatingmore bits to
W1 maximizes
 .

mustberepresentedandcommunicatedwith a only a limited
numberof bits. Therole of attention,then,is to dynamically
allocatethe available bits amongthe different subspacesto
bestrepresenttheinterestingevents.Mathematically, givenL
featuresubspacesandthesystemcapacityof B total bits,weal-
locateB l bits to eachfeaturesubspacesothat

P
l B l = B total.

We assumethat thereareM possibleevents,and that each
event's priority is expressedby � m (

P
m � m = 1). For our

performancemetricwe usetheweightedsumof information
transferratiosfor all eventsf em g that aredeterminedto be
present.1 Theoptimalbit allocationis theonethatmaximizes
theexpression
 =

P
m � m 
 s;c (em ; em + �) subjectto the

constraint
P

l B l = B total. We assumethe resultingnoise
variancein eachfeaturespaceis givenby � 2

n l
= 2� 2B l , mod-

elingtheeffectof uniformscalarquantization.Thisallocation
re�ects the relative priorities of the events,thecoherenceof
eachfeaturespacewith eachevent, and the robustnesspro-
videdby theframefor eachfeaturespace.

To seehow this bit allocationchangesas a function of
overlapbetweenfeaturespaces,considerthe following sim-
ple example. Assumethe input spaceis H = R10 and
we have two subspacesW1 andW2 of equaldimensionthat
form a frameof subspacesfor the input space.For simplic-
ity, eachsubspaceis representedwith an orthonormalbasis
(A1 = A2 = 1). Therearetwo events,f e1; e2g, eachhaving
unit norm,with priorities � 1 = 3=4 and� 2 = 1=4. Initially,
we considernon-overlappingsubspacesthat eachspan5 di-
mensionsof theinputspace,suchthate1 2 W1 ande2 2 W2.

1The presenceof eachevent is determinedin this exampleby an omni-
scienthigher-level processorproviding theattentionalsignals,but in awork-
ing systemthesalienteventswould bedeterminedby a detectionalgorithm
thatwould occasionallymakemistakes.



Figure2 shows the total information transferratio for each
event,
 s;c (em ; em + �) , aswell astheweightedsum
 asa
functionof thebit allocationfor this system.Thehorizontal
axis is B1, thenumberof bits allocatedto thespaceW1 out
of thetotalpoolof B total = 10(meaningthatB2 = 10� B1).
Thebit allocationfor thenon-overlappingsubspacesis plot-
ted in the top left panel. Even thoughthe informationtrans-
fers for the two eventsaresymmetric,e1 hashigherpriority
andthemaximum
 is achievedby allocatingmorebits to W1

thanW2.
In theremainingplots,thefeaturesubspacesareenlarged

by successively sharingbasisvectorsbetweenthesubspaces.
For example, in the bottom left plot, eachsubspacecov-
ers eight dimensionsof the input space,and they sharesix
commondimensions. In this case,the optimal allocation
assignseven more bits to W1, since it now containsboth
the high-priority evente1 aswell asa signi�cant part of e2.
In the extremecasewhenthe subspacesoverlapcompletely
(W1 = W2), theoptimalbit allocationassignsall thebits to
oneor theothersubspace,sincenonew informationis gained
by includingboth. In fact, it is perhapsstartlingto notethat
dividing the bits equally betweenboth subspacesresultsin
theworst performancefor this system.Qualitatively similar
resultswerealsoseenwith threefeaturesubspaces.

In a real system,resourceallocationmust be dynamic;
attentionalsignalsneedto adaptasnew eventsariseandold
onesdisappear. Figure3 illustratesthisfor thetwo-featureex-
amplediscussedearlier. Here,therearefour possibleevents
in thespace,indexedin orderof increasingpriority. Thebot-
tom plot indicatesthe presenceor absenceof eachevent at
a giventime. At eachtime step,thepriority weightsaread-
justedto re�ect only thoseeventsthatarepresent.Whenthe
featurespaceshaveonly two dimensionsin common,theop-
timal bit allocationchangesatalmostevery timestep,re�ect-
ing the new priorities asthe scenechanges.As the features
becomemoreredundant,however, thebit allocationbecomes
morestatic;now, bothsubspacesconvey signi�cant informa-
tion aboutall events,andtheoptimalsolutiontendsto assign
all thebits to asinglefeaturesubspace.

4. CONCLUSIONS

Using frame theory and framesof subspaceswe have pre-
senteda very simplebut generalmodelof featureextraction.
By drawing on thetheoryof informationprocessing,we cal-
culatedin a generalway the information presentabout an
event in a collectionof featureoutputs. By maximizingthe
informationtransferof thefeatureextractorsweightedby the
priorities of the eventsin the scene,we determinedoptimal
allocationof resourcesto theindividual featurespaces.Even
thesimpleexamplesexploredhereshow thatblind allocation
of resourcescanresult in inferior performance.Attentional
feedbackallows thesystemto redistributeits resourcesadap-
tively to maintainoptimalinformationtransfer.

This paperdescribesan initial foray into a generaltheo-

Fig. 3. Dynamicbit allocationin a two-subspacesystem.The top
two plots depictB 1 , the bit allocationto W1 resultingfrom maxi-
mizing 
 . At any time eachof four eventsmaybepresent.For the
top plot, the two featuresubspacessharetwo commondimensions,
whereasfor themiddleplot they shareeightdimensions.In thehigh-
overlapcase,bitsaremoreoftenallocatedto a singlesubspace.The
bottomplot indicatestheeventspresentateachtimestep.

retical framework for attentionalprocessingin feature-based
systems.In theexampleswe presented,bit allocationswere
only madeon the basisof events that were known to be
present.In amoreadvancedsimulationasystemwill needto
enforcelower boundson the informationpresentabouteach
eventso theappearanceof new eventsisn't missed.While a
total bit constraintwasusedhere,theadaptationin eachsub-
spacecould re�ect otherconstraintssuchascommunication
power. The total information transferexpressiondoessim-
plify somewhatandwebelievethatfurtheranalyticwork will
provide insightinto achieving optimalresourceallocation.
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