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Abstract

We investigate the redundancy that arises from adding a worst-case length-constraint to uniquely
decodable fixed to variable codes over achievable Huffman codes. This is in contrast to the traditional
metric of the redundancy over the entropy. We show that the cost for adding constraints on the worst-
case coding length is small, and that the resulting bound is related to the Fibonacci numbers.
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I. INTRODUCTION

A fundamental tradeoff in lossless source coding is that some inputs can be compressed
only if others are expanded. A reasonable objective is to compress well on average, while
expanding little in the worst-case.

The tradeoff between the expected coding length and the worst-case coding expansion
has received research attention. In [1] an algorithm for finding a code meeting these
constraints is proposed, and in [2] the redundancy of the expected coding length over the
entropy is bounded. In this paper, we investigate the redundancy of the expected coding
length of constrained codes over that of achievable Huffman codes [3]. We bound this
redundancy by a term that decays exponentially in the worst-case coding expansion, and
note that this term is related to the Fibonacci numbers. The problem is stated in Section
IT, the main results are given in Section III, and a discussion is provided in Section IV.

II. PROBLEM FORMULATION

Consider a discrete alphabet X and length-N input sequences z, i.e., v € XY, We
define a source code C' as a mapping C' : XN — X* where X* is the set of finite-length
sequences over X. Following [4], let C'(z) be the codeword corresponding to z, and I(x)
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the length of C(z). The expected coding length L(C') for a random variable X with a
probability mass function (PMF) p(z) is defined as

L(C) & ) pla)i(z). (1)

zeXN

A uniquely decodable code is a source code C' with a dual mapping C : X* — XV, such
that C(C(xz)) = z,Vz € XN. We say that the code C' ezpands = when I(z) > N, and we
define the worst-case coding expansion as
W(C) & max{l(z) — N} (2)
zeXN
(it is non-negative because no source code compresses all input sequences). Given the
PMF p(z),r € XV, and an (integer) constraint A on the worst-case coding expansion,
the constrained expected coding length is defined as
L & i L(C)}. 3
A2 min {LO)) 3)
When the constraint is relaxed, and A is increased, the constrained expected coding
length will go down until at some stage it is equal to the unconstrained expected coding

length. This is the expected coding length of the Huffman code, and is denoted by L}_.
In the following section we bound L} — L% .

III. RESULTS

Any Huffman code can be viewed as a tree, where codewords correspond to leaves, and
their prefixes correspond to internal nodes. The nodes, be they leaves or internal nodes,
make up a Huffman tree. A leaf corresponds to some input x and its probability p(z);
an internal node corresponds to a set of descendant leaves, and the total probability of
those leaves. Lemma 1 bounds the probabilities corresponding to internal nodes, and
is related to Theorem 7 in [5], which bounds the probabilities corresponding to leaves.
Both proofs are by induction, the only difference is due to initial conditions.

Lemma 1: Any depth-k internal node in a Huffman tree corresponds to a set of code-
words with total probability p, satisfying

1
Pr < ﬁ’ (4)

where f,11 = fo + (|X| — 1) f,_1, with initial conditions fo =1, f; =2 — ﬁ

Proof: In the Huffman tree, let pg, pr_1,... ,po = 1 be the probabilities correspond-
ing to internal nodes on the path from our depth-k node, denoted by «, to the root. Let
qj, i € {1,...,]X| — 1} be the corresponding probability of node i merged with p; into
pi—1. We prove p; > fr_ipx by induction on [. First, pp = 1-pp = fopr. Second, the lemma

requires « to be an internal node, so at least one of its descendant nodes corresponds

2



to at least a probability of ‘—}(‘pk. But a and its parent are internal nodes, so when the
parent is created in the Huffman algorithm, its descendants are nodes corresponding to
the minimal probabilities among all the nodes at that stage, so qi > ﬁpk. Therefore,

|xX|—1
Pt = et Y a (5)
i=1

> e (- 1) ()

= .flpka (6)
where (5) is the merging of corresponding probabilities. The inductive step is

|X|—1

P o= pt Y4 (7)
=1

> pr+ (| X = Dpia (8)

> (femt + (X[ = 1) femi=1) Pr (9)

= fr-1+1D% (10)

where (7) is similar to (5), the reasoning in the second step leads to (8), (9) is by induction,

and (10) uses the definition of f. The lemma (4) follows because py = 1. |
For |X| = 2, f, are essentially scaled Fibonacci numbers, i.e., fo = %,fl = %,fg =
g, f3 = %, -+, In the general case, the recursion for f,, can be solved using methods for

difference equations [6] leading to

<1 Rl )(1%/4\%\—3)"
fn = -+ 9

2" /Al —3

1 5 1—Ax—3\"
n (5_ 4|X|_3>< > ) , n>0. (11)

Theorem 1: Given a random variable X with a PMF p(z) over XV, then for A > 0

1

Ly—-L, < (12)

Proof: ~ We begin with Cy, a Huffman codeA _tilat achieves L% . We create a new
code C' (not necessarily a Huffman code), with length function I(z) and expected coding
length L(C), by modifying Cy in two steps. Step 1: prune X; = {z: l(z) > N + A}
from the Huffman tree of C'y. If X is empty we are done, else nodes were pruned off a
depth-N + A — 1 internal node, so there exists a depth-A — 1 internal node, including the
one in the path from the depth-N + A — 1 internal node to the root. Step 2: take any
depth-A — 1 internal node in the tree; denote it by 3. Let X5 be the descendant leaves of

(. Replace 8 with a new node v with two descendants. The first descendant is 3, and the



second descendant is a depth-N full tree with up to |X'|" leaves that can accommodate
all of X7, since | X;| < |X|". The full tree for X; starts at depth A and goes up to depth
N+ A, sol(x) < N+A, Ve e X;. For Xp, l(z) < N+ A, Yz € X,, so adding an
additional symbol gives [(z) < N + A, Yz € X,. Therefore W(C) < A. The structure

15} originally~resided at depth A — 1 in the tree, so by Lemma 1 erxz p(z) < fAl,l'
Therefore, C satisfies

L) = ) p@)ix)

xc XN

Y p@)i@) + Y p@)i@) + Y pa)i)

zeXq r€Xo rZX1UX2

Y p@)l(z) + ) p@) @) + 1)+ Y pa)l(z) (13)

reX1 € X2 rZX1UX2

= D p@)l@)+ Y plz)

x r€Xo

1
fa-1

where (13) arises because codewords in X; became shorter. The result is obtained by
noting that L(Cy) = L. O
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(14)

IV. DiISCUSSION

We begin with several technical remarks on Theorem 1. First, the theorem does not
apply for A = 0, because there is no depth-A — 1 internal node that can be split. In fact,
for A = 0 there is no expansion, nor is there any compression, thus Lj = N. Second,
the theorem upper bounds L} — L% , but we cannot give a lower bound, because for a
uniform PMF we have Ly = N, hence L}y — L, = 0. Third, we can get a stronger
bound on the expected coding length for A = 2. In this case, there always exists some
depth-A — 1 node (not necessarily internal) with > _\ p(z) < ‘—)1(‘, SO

L;— L < i (15)
R
Although Lemma 1 bounds the probabilities corresponding to depth-£ internal nodes,
there could be nodes at that depth that correspond to even smaller probabilities.

The constructive method used in the proof of the theorem can be used to derive
codes that satisfy constraints on the worst-case coding expansion, but these are not
necessarily optimal codes. However, the theorem is useful because it bounds the cost of
the constraint by a term that decays exponentially in the expansion. A tighter bound in
the main theorem could be obtained by finding a stronger version of Lemma 1 for the
depth-k node that corresponds to the smallest probabilities.
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